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Abstract
We discuss the combined effect of QED and QCD corrections to the evolution of parton
distributions. We extend the available knowledge of the Altarelli-Parisi splitting
functions to one order higher in QED, and provide explicit expressions for the splitting
kernels up to O(ααS). The results presented in this article allow to perform a parton
distribution function analysis reaching full NLO QCD-QED combined precision.
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2I. INTRODUCTION
With the advent of the Run II of the Large Hadron Collider (LHC), a large number of processes
will be probed within a formidable accuracy. The precision reached at the experimental level needs
to be matched from the theoretical side, in order to both extract information on the Standard
Model (SM) parameters and identify possible effects for Beyond the Standard Model (BSM)
physics.
Theoretical predictions at the LHC require the convolution of the so-called partonic cross-
sections and the parton distribution functions (PDF), providing information on the hard and soft
aspects of the process, respectively.
From the point of view of the partonic cross-sections, Next-to-Leading-Order (NLO) correc-
tions in QCD (O(αS)) are the baseline for any realistic study and, thanks to a number of tools
developed during the last decade, today it is possible to reach this accuracy in an almost auto-
matic way. The state-of-the-art in fixed order computations for processes with up to two hard
partons in the final state is reaching Next-to-Next-to-Leading-Order (NNLO), i.e. O(α2S). The
theoretical work includes not only fixed order calculations but also the application of resummation
techniques, the implementation of more elaborated parton showers, and their matching with fixed
order calculations, among other developments.
Given that α2S ∼ α, it becomes necessary to include also the corresponding NLO ElectroWeak
(EW) corrections, that for many observables, and particularly in the case of the production of
particles with very large transverse momentum, exceed the few percent level and become quanti-
tatively very important for an accurate description.
Despite of the great achievements from the perturbative side, the situation would not be fully
satisfactory without the corresponding improvements on the non-perturbative sector. On one
hand, the splitting functions that run the evolution of parton distributions are known at NNLO
in QCD [1–4]. On the other, the development of new global parton distribution analysis that
incorporate the state-of-the-art in the evaluation of cross-sections and a larger amount of precise
experimental data for many different observables, allows for a better estimate of statistical un-
certainties on top of the central sets [5–10]. Recent work has been done on the PDF sector to
incorporate the EW effect (strictly speaking the dominant QED terms) in the evolution equations
[11–13]. The first significant change in the evolution of parton distributions with QED corrections
is the appearance of a new distribution: the photon density (and eventually the leptonic densities
3as well). So far, only LO QED kernels were known to perform the evolution of parton densities ∗.
Modern analysis, performed up to NNLO in QCD and LO in QED show that the photon PDF
contribution is not negligible and needs to be carefully studied for precise predictions at the LHC,
and even more for higher energies as the FCC-hh [16–19]. On the other hand, the contribution
from lepton PDFs is usually extremely suppressed. As stated, those analysis only include QED
contributions to the lowest order, since the NLO combined QCD-QED contributions (i.e., O(ααS))
were not available.
The main purpose of this paper is to present, for the first time, explicit expressions for the
Altarelli-Parisi splitting kernels [20] to O(ααS). We compute them by profiting from the original
calculation of the NLO QCD corrections performed in Refs. [21–23], conveniently modifying
the colour structures for each topological contribution. We explicitly concentrate on the QED
corrections, without including those arising from Weak bosons, which only become relevant for
extreme kinematical conditions.
Concerning hadronic cross-sections, a full NNLO contribution in the context of QCD+QED
requires the knowledge of the kernels presented in this paper to perform the subtraction of IR
singularities and define the corresponding factorization scheme at this order. Furthermore, until
the full 3-loop (mixed QCD-QED) splitting functions become available, they will be essential to
evolve the parton distributions to a higher accuracy than the one available so far.
The structure of the manuscript is as follows. In Section II, we recall the evolution equations for
the different parton distributions and the corresponding kernels, introducing the notation required
to present our results. In Section III, we summarize the method used to obtain the correction to
the splitting functions and present the corresponding kernels. Finally, in Section IV, we expose
our conclusions.
II. SPLITTING KERNELS AND PARTON DISTRIBUTION BASIS
We start by writing down the general expression for the evolution of gluon, photon and quark
distributions as [23]
dg
dt
=
nF∑
j=1
Pgqj ⊗ qj +
nF∑
j=1
Pgq¯j ⊗ q¯j + Pgg ⊗ g + Pgγ ⊗ γ , (1)
dγ
dt
=
nF∑
j=1
Pγqj ⊗ qj +
nF∑
j=1
Pγq¯j ⊗ q¯j + Pγg ⊗ g + Pγγ ⊗ γ , (2)
∗ One-loop triple collinear splitting functions with photons have been recently computed in [14, 15].
4dqi
dt
=
nF∑
j=1
Pqiqj ⊗ qj +
nF∑
j=1
Pqiq¯j ⊗ q¯j + Pqig ⊗ g + Pqiγ ⊗ γ , (3)
with t = ln (µ2) (µ being the factorization scale) and Pij the Altarelli-Parisi splitting functions in
the space-like region. Evolution equations for antiquarks can be obtained by applying conjugation
invariance. Here we use the notation
(f ⊗ g)(x) =
∫ 1
x
dy
y
f
(
x
y
)
g(y) , (4)
to indicate convolutions. We do not include the lepton distributions in this work, since up to the
order we reach here they basically factorize from the rest of the distributions †. Along this work
we will present the expressions for the splitting functions including QCD and QED corrections.
Each kernel can be expanded as
Pij = aSP
(1,0)
ij + a
2
SP
(2,0)
ij + a
3
SP
(3,0)
ij + aP
(0,1)
ij + aS aP
(1,1)
ij + ... , (5)
where the upper indices indicate the (QCD,QED) order of the calculation, with aS ≡ αS2pi and
a ≡ α
2pi
. Due to the QED corrections, the Altarelli-Parisi splitting kernels can depend on the
electric charge of the initiating quarks (up or down type), such that in general P
(n,1)
q ∼ e2q.
The quark splitting functions are decomposed as
Pqi qk = δik P
V
qq + P
S
qq , (6)
Pqi q¯k = δik P
V
qq¯ + P
S
qq¯ , (7)
P±q = P
V
qq ± P Vqq¯ , (8)
which acts as a definition for P Vqq and P
V
qq¯ . In order to minimize the mixing between the different
parton distributions in the evolution, it is convenient to introduce the following basis [24]:
{uv, dv, sv, cv, bv,∆uc,∆ds,∆sb,∆UD,Σ, g, γ} , (9)
where
qvi = qi − q¯i , (10)
∆uc = u+ u¯− c− c¯ ,
∆ds = d+ d¯− s− s¯ ,
∆sb = s+ s¯− b− b¯ , (11)
∆UD = u+ u¯+ c+ c¯− d− d¯− s− s¯− b− b¯ , (12)
Σ =
nF∑
i=1
(qi + q¯i) . (13)
† To O(α) lepton distributions only couple, in a trivial way, to the photon density.
5∆UD could also include the top quark distribution in case of a 6 flavour analysis (adding ∆ct and
tv to complete the basis). Identical results are obtained by using a similar basis proposed in Ref.
[19]. In the evolution equations for the corresponding distribution, we do take into account that
beyond NLO in QCD the singlet non-diagonal terms (P Sqq¯ and P
S
qq) are different [25]. Hence, it is
useful to define
∆P S ≡ P Sqq − P Sqq¯,
P S ≡ P Sqq + P Sqq¯, (14)
where we explicitly use that these contributions do not depend on the quark charge up to the
order we reach here, since they do not receive QED corrections to O(α).
The evolution equations for the parton distributions in the basis of Eq.(9) read,
dqvi
dt
= P−qi ⊗ qvi +
nF∑
j=1
∆P S ⊗ qvj , (15)
d{∆uc,∆ct}
dt
= P+u ⊗ {∆uc,∆ct} , (16)
d{∆ds,∆sb}
dt
= P+d ⊗ {∆ds,∆sb} , (17)
d∆UD
dt
=
P+u + P
+
d
2
⊗∆UD + P
+
u − P+d
2
⊗ Σ + (nu − nd)P S ⊗ Σ
+ 2(nuPug − ndPdg)⊗ g + 2(nuPuγ − ndPdγ)⊗ γ , (18)
dΣ
dt
=
P+u + P
+
d
2
⊗ Σ + P
+
u − P+d
2
⊗∆UD + nF P S ⊗ Σ
+ 2(nuPug + ndPdg)⊗ g + 2(nuPuγ + ndPdγ)⊗ γ . (19)
Notice that in the limit of equal number of u and d quarks (nu = nd) and same electric charges
(Pug = Pdg, Puγ = Pdγ), ∆UC decouples from the other distributions in the evolution, while the
singlet evolution recovers the usual pure-QCD expression.
III. QCD-QED SPLITTING KERNELS
To set the correct normalization, we start by reminding the lowest order splitting functions in
QCD P
(1,0)
ij [20]
P (1,0)qq (x) = CF
[
1 + x2
(1− x)+ +
3
2
δ(1− x)
]
= CF pqq(x) +
3CF
2
δ(1− x) ,
P (1,0)qg (x) = TR
[
x2 + (1− x)2] = TR pqg(x) ,
P (1,0)gq (x) = CF
[
1 + (1− x)2
x
]
= CF pgq(x) ,
6P (1,0)gg (x) = 2CA
[
x
(1− x)+ +
1− x
x
+ x(1− x)
]
+
β0
2
δ(1− x) , (20)
with β0 =
11NC−4nFTR
3
and the usual plus distribution defined as∫ 1
0
dx
f(x)
(1− x)+ =
∫ 1
0
dx
f(x)− f(1)
1− x , (21)
for any regular test function f . In the same way, the lowest order splitting functions in QED P
(0,1)
ij
are given by [24]
P (0,1)qq (x) = e
2
q
[
pqq(x) +
3
2
δ(1− x)
]
,
P (0,1)qγ (x) = NC e
2
q pqg(x) ,
P (0,1)γq (x) = e
2
q pgq(x) ,
P (0,1)γγ (x) = −
2
3
∑
f
e2f δ(1− x) , (22)
where there is an explicit dependence on the quark electromagnetic (EM) charge. Furthermore,
the sum over fermion charges in the P
(0,1)
γγ kernel corresponds to the definition∑
f
e2f = NC
nF∑
q
e2q +
nL∑
l
e2l , (23)
with nF and nL the number of quark and lepton flavours, respectively.
The expressions for NLO QCD corrections to the splitting functions P
(2,0)
ij can be found in Refs.
[21–23] while the NNLO ones P
(3,0)
ij are in Ref. [1–4]. Moreover, NLO QCD corrections to the
splitting functions with photons are also available, both at amplitude and squared-amplitude level
[26–29]. In order to obtain the mixed NLO QCD-QED corrections P
(1,1)
ij , we start by analyzing the
computation of the two loop anomalous dimensions in the light-cone gauge, originally performed
for the non-singlet component by Curci, Furmanski and Petronzio in Ref. [21] and extended to
the singlet case in Ref. [22, 23]. Roughly speaking, P
(1,1)
ij can be obtained from P
(2,0)
ij by carefully
taking a particular Abelian limit, i.e. by replacing one gluon by a photon [30]. While in principle
the limit is straightforward, there are some particularities that can lead to misleading results.
To avoid that, we strongly rely on the detailed documentation presented for the non-singlet in
Ref. [21] and for the singlet in Ref. [23], where results for each topological contribution and the
corresponding colour factor are carefully registered. Therefore, we recompute the colour factor for
each contribution by selecting only those that are relevant for the NLO QCD-QED mixed terms.
The introduction of a photon is not only associated with the corresponding Abelian limit, but
also involves the need of a charge separation. We consider quarks of flavour q with electric charge
7eu = 2/3 or ed = −1/3. The contribution of each quark flavour is individualized by carefully
considering the limit nF → 1. Nevertheless, the potential presence of internal quark loops forces
us to distinguish between real and virtual nF contributions.
Let’s describe the algorithm that allows to obtain the QED corrections by replacing gluons by
photons from the QCD splitting functions.
1. Since the QCD kernels include the average over initial colour states, we first correct the
overall normalization of Pba in the case that an initial gluon (a = g) has to be transformed
into a photon (a = γ), multiplying the kernel by (N2C − 1).
2. Then, we identify those Feynman diagrams that are non-vanishing when replacing the cor-
responding gluon by a photon, and compute their colour structure. If the original QCD dia-
gram involves two non-observable gluons, the replacement g → γ leads to two non-equivalent
topologies (both in real and virtual terms). At O(ααS), it is necessary to multiply the final
result by a global factor 2 to account for this effect in the pure quark kernels.
3. After that, we write the colour structures in terms of NC by using the well known relations
CA = NC , CF = − 1
2NC
+
NC
2
. (24)
4. Next, we single out and keep only the leading terms in the limit NC → 0.
5. The final step consists in recomputing the colour structure for the Abelian diagrams, replac-
ing the QCD ones in the expression of Pba.
In practical terms, we notice that at this order the QED results can be recovered by simply
identifying the most divergent colour structure and performing the replacement directly there,
with the additional normalization change if the initial gluon is replaced by a photon or if there
are two unresolved gluons. Finally, if the Feynman diagram expansion involves fermion loops, we
use the replacement
nF →
nF∑
j=1
e2qj , (25)
whilst for external quarks we just multiply the result by the global factor e2q. Fig. 1 provides
a graphical representation of the Abelianization algorithm applied to the NLO QCD splitting
kernels to obtain the mixed QCD-QED corrections. In particular, in (c), we explicitly motivate
the replacement rule mentioned in Eq. (25) by exploring a typical contribution to P
(2,0)
gg . When
8one gluon is replaced by a photon, we obtain a fermion box with two photons attached to it; the
QED interaction introduces a factor e2q responsible of a charge separation for each quark flavour.
(a)	  
(b)	  
(c)	  
FIG. 1. A sample of diagrams associated with the virtual and real contributions to P
(2,0)
qq , in (a) and (b)
respectively. To obtain P
(1,1)
qq , one gluon is replaced by a photon. Since there are two ways to perform
the replacement, a factor 2 arises. In (c), P
(2,0)
gg is considered with a representative diagram. In this case,
the Abelian limit allows to compute both P
(1,1)
γg and P
(1,1)
gγ . The presence of a fermionic box forces to
take into account the different quark EM charges.
In the context of the full EW theory, the corrections induced by massive bosons lead to singu-
larities. However, we will not deal with them in this work because it is possible to factorize them
and achieve a fully consistent treatment of IR divergences relying only on QCD-QED splittings. In
other terms, singularities introduced by W and Z bosons can be absorbed into the hard scattering,
thus leaving unaffected the evolution of PDFs.
We therefore present the (QCD,QED) = (1, 1) expressions of the corresponding splitting ker-
nels. In first place, we obtain
P (1,1)qγ =
CF CA e
2
q
2
{
4− 9x− (1− 4x)ln (x)− (1− 2x)ln2 (x) + 4ln (1− x)
+ pqg(x)
[
2ln2
(
1− x
x
)
− 4ln
(
1− x
x
)
− 2pi
2
3
+ 10
]}
, (26)
P (1,1)gγ = CF CA
(
nF∑
j=1
e2qj
) {
−16 + 8x+ 20
3
x2 +
4
3x
− (6 + 10x)ln (x)− 2(1 + x)ln2 (x)
}
, (27)
P (1,1)γγ = −CF CA
(
nF∑
j=1
e2qj
)
δ(1− x) , (28)
9for photon initiated processes, and
P (1,1)qg =
TR e
2
q
2
{
4− 9x− (1− 4x)ln (x)− (1− 2x)ln2 (x) + 4ln (1− x)
+ pqg(x)
[
2ln2
(
1− x
x
)
− 4ln
(
1− x
x
)
− 2pi
2
3
+ 10
]}
, (29)
P (1,1)γg = TR
(
nF∑
j=1
e2qj
) {
−16 + 8x+ 20
3
x2 +
4
3x
− (6 + 10x)ln (x)− 2(1 + x)ln2 (x)
}
, (30)
P (1,1)gg = −TR
(
nF∑
j=1
e2qj
)
δ(1− x) , (31)
for collinear splitting processes with a starting gluon. Notice that QED corrections to the diagonal
splitting kernels P
(1,1)
γγ and P
(1,1)
gg are proportional to the Dirac’s delta function δ(1−x) since they
are originated by virtual two-loop contributions to the photon and gluon propagators, respectively.
On the other hand, the quark splitting functions are given by
P S(1,1)qq = P
S(1,1)
qq¯ = 0 , (32)
P V (1,1)qq = −2CF e2q
[(
2ln (1− x) + 3
2
)
ln (x) pqq(x) +
3 + 7x
2
ln (x) +
1 + x
2
ln2 (x)
+ 5(1− x) +
(
pi2
2
− 3
8
− 6ζ3
)
δ(1− x)
]
, (33)
P
V (1,1)
qq¯ = 2CF e
2
q [4(1− x) + 2(1 + x)ln (x) + 2pqq(−x)S2(x)] , (34)
P (1,1)gq = CF e
2
q
[
−(3ln (1− x) + ln2 (1− x))pgq(x) +
(
2 +
7
2
x
)
ln (x)
−
(
1− x
2
)
ln2 (x)− 2xln (1− x)− 7
2
x− 5
2
]
, (35)
P (1,1)γq = P
(1,1)
gq , (36)
where we appreciate that singlet contributions vanish at this order, as anticipated in Sec. II. The
function S2(x) is given by
S2(x) =
∫ 1
1+x
x
1+x
dz
z
ln
(
1− z
z
)
= Li2
(
−1
x
)
− Li2 (−x)
+ ln2
(
x
1 + x
)
− ln2
(
1
1 + x
)
. (37)
Finally, we establish the consistency of our results by checking the corresponding fermionic and
momentum sum rules for each distribution. Explicitly, the O(ααS) contributions to the evolution
10
kernels fulfill: ∫ 1
0
dx
(
P V (1,1)qq − P V (1,1)qq¯
)
= 0 , (38)∫ 1
0
dxx
(
2nuP
(1,1)
ug + 2ndP
(1,1)
dg + P
(1,1)
γg + P
(1,1)
gg
)
= 0 , (39)∫ 1
0
dxx
(
2nuP
(1,1)
uγ + 2ndP
(1,1)
dγ + P
(1,1)
gγ + P
(1,1)
γγ
)
= 0 , (40)∫ 1
0
dxx
(
P V (1,1)qq + P
V (1,1)
qq¯ + P
(1,1)
gq + P
(1,1)
γq
)
= 0 . (41)
IV. CONCLUSIONS
In this article, we discussed the computation of the NLO mixed QCD-QED corrections to the
Altarelli-Parisi evolution kernels. In order to reach that accuracy, we analyzed the colour structure
of each diagram contributing to these corrections and evaluated their modification after a gluon is
transformed into a photon. Then, we computed the explicit expressions for the evolution kernels
by carefully considering the Abelian limit of the results available in the literature for pure QCD
processes. In particular, relying on Refs. [21–23] we obtained the corresponding results up to
O(ααS).
The computation of higher-order mixed QCD-QED contributions to physical observables plays
a crucial role in the full program of precision computations for hadron colliders. In this direction,
the results provided here are useful to improve the accuracy of the PDFs sets used to perform the
theoretical predictions required by nowadays (and future) experiments.
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